2 Making sense of algebra

——————————————————————————————————————————————— ———————————————————————————————————

Exercise 2.3

1 Identify the like terms in each set.

a 6x,-2y,4x,x B X3y %, =Sy ¢ ab,4b, -4ba, 6a

d 2,-2x,3xy,3x,-2y e Sa,Sab,ab,6a,5 § -lxy,—yx,=2y,3, 3x
2  Simplify by adding or subtracting like terms.

a 2y+6y b 9x-2x ¢ 10x+3x
g 2lx+x e Tx-2x f 4y-4y
g 9x-10x h y-dy f  Sx—x
i 9xy-—2xy k 6pg—2qp |  14xyz - xyz
m 4x?-2x? n 9y-4y’ o y-2
p l4ab* - 2ab’ q 9x%y-—4xly r  10xy? - 8x)?
¢ Simpliy MATHEMATICAL
a2 2x*+jytix b 4y-2y+4x ¢ 6x-4x+ 5x CONNECTIONS
d 10+4x-6 e 4dxy-2y+2xy f S5x2-6x%+2x
g Sx+ 4y — 6x h 3y+4x-x i 4x + 6y + 4x You will need to be.
i 9Ix-2p-x k 12x2-4x+2x2 | 12x2-4x2+2x? very <Eor.nfortab|§ with
m  Sxy—2x+7xy n xy—2xz+7xy o 3Ix2-2y2-4x? :')ngg;zgsalg?s ;alc
5x2y + 3x%y — 2xy q 4xy-x+2yx Foaodxy=24xy skirl)l you will.need
4 Simplify as far as possible. throughout the.
: 8y—-4-6y-—4 b x2-4x+3x*-x ¢ 5Sx+y+2x+3y :otrast?of:; :zg"”g
d pP+2p+3y-7 e x'—dx-x+3 f iy PPy inqequalities, and
g dxpz-3xy+2xz-xpz  h Sxy=4+3yx-6 i Sx—4-x=3 | 5 Gmolifying
5  Write an expression for the perimeter (P) of each of the following shapes and then expansions.

simplify it to give P in the simplest possible terms.

o b x417 C
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WORKED EXAMPLE 8 CONTINUED

- o Cancel
70y~ 70y ~ 10 ancel.
10
d 23’-( X 52’-(  E2 ; Z g X Jnsert X signs and multiply.
4
= % Cancel.
.
3

or
12x . 4x _ 1x, 4x _ 4x2

3 2 3 1 3

Exercise 2.4

Cancel first, then multiply.

1 Multiply. ;
a 2x6x b 4yx2 Im x4
d 2xx3y e 4xx2 9x X 3y
g 8yx3: h 2xx3yx2 4xy X 2xy
j  dxyx2x k 9y x3xy 4y X 2x X 3y
m 2a X 4ab n 3abx4bc 6abc X 2a
P 8abcx 2ab q 4X2abx3c 12x2 X 2 X 3?2
2 Simplify.
a 3x2xx4 b 5xx2xx3y 2x X 3y X 2xy
d xyXxxzxx e 2x2x3xx4 4 X 2x X 3xly
g xXy Xdx h 2ax3abx2c 10x X 2y x 3
j 4xxXx2xy k 9xx2xxy 4xy? X 2x%y
m Txy X 2xz X 3yz N 4xy X 2xy x 7 9 X xyz X 4xy

P 3xyx2xy*x3xy q

9x X 2xy X 3x2

2x X xy* X 3xy

3 Simplify.
a -1—§£ b % &z &2 d l;_rrs_
g %’E f % g %r;{ h %
ot j o kL L

R e e e L

52. %)
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2 Making sense of algebra

4 Simplify.
a 8x+2 b 12xy+2x c 16x2+4xy d 24xy=+3xy
e 14x2+2)? f 24xy<~8 g 8xy+24y h 9x<+36xy
i Txyz . 45xy ! 60x2 y? | 100xy
[1xz I 20 15xy 25x?
5 Simplify these as far as possible.
a_b a_a ab _ Sa 2a 5
4.2 b 9,4 a . -a 4,2
¥t 37°4 * 28 " 353
%, 3b . Sa_Sa a 2 ab_a .
@ = X 2 5 X > g b X h 3 X 5
- 2a : 2a a,3 Ja  4a
i Sbx T ] 4x3 k> LR

2.4 Working with brackets

When an expression has brackets, you normally have to remove the brackets before you
can simplify the expression. Removing the brackets is called expanding the expression.

MATHEMATICAL

To remove brackets you multiply each term inside the bracket by the number (and/ CONNECTIONS

or variables) outside the bracket. When you do this you need to pay attention to the You willlaamiinore

positive and negative signs in front of the terms: about expanding
x(ytz)=xy+xz x(y=2)=xy=xz v expressions to

o RN —x(v—2)=-xv + remove brackets in
x(y +2) = —xy = xz y-2)=—xy+xz s

——— —

e ———————— ————

Expanding brackets is really just multiplying, so the same rules you used for
multiplication apply in these examples.

——————————————— . ‘

: ‘ 0

“WORKED EXAMPLE 9

Expand the following expressions.

a 22x+6§ b 4(7-2x c 2x(x + 3y) d xy(2-3x)
Answers
a i For parts (a) to (d) write out the
(¥ i i expression, or do the multiplication
22x+6)=2x2x+2x6 mentally.

L Ax + 12 Follow these steps when multiplying by
i a term outside a bracket:

e Multiply the term on the left-hand
inside of the bracket first = shown
i i by the red arrow labelled i.

== 3 N7 =R BEs ¢ Then multiply the term on the right-
= 28 - 8x hand side — shown by the blue
arrow labelled ii.

e Then add the answers together.

—
53 )
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WORKED EXAMPLE 9@ CONTINUED

C
i i

|
(N

2x(x + 3y) = 2x x x + 2x x 3y
u = 2x% + bxy

(Y i i

:Exercise 25

1 Expand:
a 2x+06) b 3(x+2) ¢ 4(2x+3)
d 10(x - 6) e 4(x-2) f 3@2x-3)
g S(at4) h 64+ a) i Yat2)
J 12 -2d) k  2(3¢-2d) | 4c+4d)
m  5(2x - 2y) n  6(3x-2y) o 34y-2)
P 4(s- 4 q 925 r 74t+8)
2 Remove the brackets to expand these expressions.
a  2x(x+y) b 3p(x-p) ¢ 2x(x+2y)
d 4x(3x - 2y) e xpx-y) f 3ydx+2)
g 2ab(9 - 4b) h  24%3 - 2b) I 3a%(4 - 4b)
i 4a(9 - 2b) k 552-a) | 3a(4-b)
m 22y - 2x) N 4xp’(3 - 2x) 0 3xpix+y)
P x¥(2x+}y) q 99 - 2) r o 4xy(3-x)

3 Given the formula for area, 4 = length x width, write an expression for 4 in terms
of x for each of the following rectangles. Expand the expressnon to give A4 in
simplest terms.

a b c

x+17 x -1 | 4x
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Exercise 2.6
1 Expand and simplify.

a 2(5+x)+3x b 3(y-2)+4y c 2x+2(x-—4)

d 4x+2(x-13) e 2(4+1)-5 f 4x+2)-7

g 6+3x-2) h 4x+2(2x+3) i 2x+3+2(2x+3)

i 32h+2)-3h-4 k 6d+2(d+3) | Ty+yx-4-4

m 2x(x+4)-4 n 2y(2x-2y+4) o 25(5 - 4s) - 4s?

P 3x(2x+4)-9 q 3p(y+2)-4y r 20x-1)+4x-4
2 Simplify these expressions by removing brackets and collecting like terms.

a  4(x+40)+2(x-3) b 2x-2)+2x+3)

c 3(x+2)+4(x+95) d 8§(x+10)+4(3-2x) )

e 4(x2+2)+2(4-x? f 4p(p+1)+2p(p+3)

g 3p(d4g-4)+4(3pq +4p) - h  2x(5y - 4) + 2(6x — 4xy)

i 3x(4 - 8y) + 3(2xy - 5x) i 3(6x-4y)+x(3-2)

k  3x2(4 - x) +2(5x2 - 2x3) I x(x=y)+32x-)y)

m 4(s—2)+3s(4-1) nox(x+y)+x(x-y)

0  2x(x+y)+2(x2+ 3xy) 2 x(2x+3)+3(5 - 2x)

qQ 4(2k-3)+(k-)3) o 3(4xy = 2x) + S5(3x = xy)

o, &

Expanding brackets with negative coefficients

So far the numbers in front of the brackets you expanded were positive. You expand
brackets in the same way when there is a negative number before the bracket, but you

have to make sure you use the correct signs.

The key is to remember that a ‘+’ or a ‘= is attached to the number immediately
following it and should be included when you multiply out brackets.

. S ST R
-
“.";.u'z- “ e

WORKED EXAMPLE 11

Remember:
+ X 4=+
+ X — ==

Expand and simplify the following expressions.
a <=3(x+4) b 4(y-7)-53y+)5) ¢ 8(p+4)-109p - 6)

Answers

a -3(x+4) Remember that the negative TR

~3(x+4) = -3x - 12 sign is attached to the 3.
-3 Xx=-3xand -3 x4 = -12

b 4(y-7)-5@3y+5)=4y-28 -1 Sy - 25 Remember that both terms

in the second bracket are
multiplied by -5.

==11y=53 Collect like terms and simplify.

N T T )
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h

WORKED EXAMPLE 11 CONTINUED

c 8(p+4)-10(90 - 6)=8p+32-90p + 60 Remove the brackets. Pay

attention to the negative signs.
=-82p + 92 Collect like terms and simplify.

Exercise 2.7

1 Expand each of the following and simplify your answers as far as possible.

a -103p+6) b -3(5x+7) ¢ -54y+0.2)

d -3g-12) e -1212t-7) f -1.5(8--4)

g —3(2x+5y) h -6(4p+ 59) i —9(3h - 6k) i
i —2(5h + 5k - 8j) k —4(2a-3b-6¢ +4d) | —6(x2+ 6)° - 2)%)

2  Expand each of the following and simplify your answers as far as possible. g S i
a 2"5(X+2) b 2_5(x_2) SARER-LERA NSRS

3 R _ 9 % o Try not to carry out

c 14x-3)—-4x-1) d T(f+3)-312f-7) Yicariaiisting

¢ 3g-7(1g—7)+25¢ - 6) f 6Q3y-5)-2(3y-)5) at once. Show

g 4x(x - 4) — 10x(3x + 6) h  ldx(x+7) = 3x(5x +7) every term of your

_ : expansion and then
4" =SX(2N = 0) i 5¢%-24(q-12)- 3¢’ simplify. |
k 18pg— 12p(5q = 7) |  12m(2n - 4) - 24n(m - 2)

3 Expand each expression and simplify your answers as far as possible.

a .8x-203 - 2x) b Illx—-(6-2x)

c 4x+5-32x-4) d 7-2(x-3)+3x

e 15-4(x-2)-3x f 4x-2(1-3x)-6

g 3(x+5)-40-x) h  x(x=3)-2x-4)

i 3x(x—=2)-(x-2) i 2x(3+ x)-3(x-2)

k 3(x-5-3+x) | 2x(3x+1)-2(3 - 2x)

2.5 Indices

Revisiting index notation

When you write a number using indices (powers) you have written it in index notation.
Any number can be used as an index including 0, negative integers and fractions.
The index tells you how many times the base has been multiplied by itself. So:

3 is the base, 4 is the index

a is the base, 5 is the index

57 )
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Raising a power

Look at these two examples:

(x3)2 — x3 X x3 - x’*] - xﬁ
By writing in expanded form like this you can see that (x?)? = x¢ and (2x°)* = 16x!2
When you have to raise a power to another power you multiply the indices: (x™) = x™

WORKED EXAMPLE 15

(2x3)4 =2x3 X 2x3 X 2x3 X 2x3 =24 X x3H3HI3 = 16x12

Simplify.
: a (x)° b
o Answers
a - (x3)8 = x3
= x18

b (3x4y3)?
= 32 x x4x2 x 32
= 9x8ys

¢ Y+
= p34 + pén2
=p2+pn
= p12-12
= po
= 1

Exercise 2.8

(3x4y3)2 c

(P + (PP

Multiply the indices.

Square each of the terms to remove the
brackets and multiply the indices.

)

Expand the brackets first by multiplying the
indices. Divide by subtracting the indices.

——— | —— o ——

41

A common error is to
forget to take powers
of the numerical
terms. For example,
in part (b) you need
to square the ‘3" to

give ‘9’.

1 Simplify.
a xtxxt b
c y2 X y7 f
I 3xd x 2x3 j
m S5x3x3 n
2 Simplify.
a xbt+4 b
ss
T f
12y? .
3y j
3x3
9—x4 n

a* x a* C  yix) d x9xx4
y Xy g yxy h ¢xp
3y2 X 3y4 k 2mx m3 | 353 X 25t
8x* x x° 0 4z6x2: P 2 X 4x5
girg e ey d K=k
x$ g 6x? 9p’
x4 2x° 3p*
x4 ,  1x? 9b*
6x? 5x3 353
16a2b? 12xy?

4ab 12xy?

e ———————————

|

|
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2 Making sense of algebra

3  Simplify.
a (a% b (¥ c (% d ()
e (X% f (3 g (x4 h  (5x?
i (@) () k (07 | (4gh?)
2\ 0
m (3x) n o (xy5) o ("T)
4 Use the appropriate laws of indices to, simplify these expressions.
a 2x2XxX3x3x2x b 4 x2xx3x% ¢ 4dkxkxk? ——
en there is a
d (x7)?+dx’ e 11x’ x4(a’hy f ax(x*+7) mixture of numbers
g x¥4x-x%) h  x3+(x3) i Txy? = (P and letters, deal with
i | the numbers first
. (4x?x 3x9) k (0—4)3 | Fiary and then apply the
} T 6xt ¥ (2x?)* laws of indices to the
(4x2y)? letters in alphabetical
m  (8x2)° N 4x2 X 2x3 + (2x)° o o)} order.

Negative indices

In Chapter 1 you learned how to use negative numbers as indices. You will now apply
those rules to expressions containing letters.

Look at these two methods of working out.

Using expanded notation: Using the law of indices for division:
- XX XXX
X wAT T XXXXXXXXX x3+x3 = x3-5
= -2 L L] o
Engh ] Negative indices are
XXX

1 often used in units in

2 physics. For example,
x? you often write
: — ’kilometres per hour’
This shows that g il as '’kmh-",

T 8
So, x -x,,,(whenxSO)

| " 'l, w1 Eie b
»_ aliaie
In everyday language you can say that when a number is written with a
negative power, it is equal to ‘1 over' the number to the same positive power.

Another way of saying ‘1 over’ is reciprocal, so a2 can be.written as the

MATHEMATICAL

VDTS SR S AT . S

CONNECTIONS

Both positive and
negative indices are
used in standard
form. You will learn
to use standard form
to write very large or

very small numbers in
Chapter 5.

3 2 e 1
reciprocal of &, i.e. o2

LP e —————— e e e e e o

-_— e e— et
— T — | ——

When an expression contains negative indices, you apply the same laws as for other
indices to simplify it.

61 >
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WORKED EXAMPLE 16

1 Write these with a positive index.

a x4 b y-
Answers
. iy aeo ]
d X‘=F b y3--y—3'

2 Simplify. Give your answers with positive indices.

4x? i L. X
a E b 2X~2 X 3x-4 c (3y2) 3
Answers
a ix_z. o~ .4..)()‘2-4 b 2x2x3x94 = %X%
2x4 2
= 2x"2 - 6
2+4
2 X
xb
1
=8 e  e——
c Byd By -
= 1
33 x y2x3
T—
27y5

The laws of indices can also help you find the value of an index in simple equations.
For the same base, if a* = a”, then x =n.

For example, 2* = 8. You know that 2° = 8, so 2*=2%and x = 3.

WORKED EXAMPLE 17

If 2x = 128 find the value of x.

Answer

2* = 128 Rewrite 128 as a power of 2. You might need to use trial
27 = 128  andimprovement to do this.

SX o= 7

Exercise 2.9
1 State whether the following are true or false.

a 4t=gc b =g e xd=l d gead
2 Write each expression so it has only positive indices.

a x- b -3 ¢ (xp)? d 2x-2

¢ 127 i 7T g Bxy h  12x-3y-4

T e
62 )
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3  Simplify. Write your answer using only positive indices.

d b-:x b b 2x3x3x3 ¢ 453 =12
h-
d g e (2x)73 f (c??
L — -2
g x7+x e i @b x a2
, ) | 2x3y3 4 3,6 § =9
YA 23 X (xv3)-2 p A m3n=S msn
i Y X (xy) k x4 Bl | m=nl  m-2n®
” (3m“n3)2 . 3mn
2mn | (2m~2n3)
@ 4 Find the value of x in each equation.
a =8l b 2:=132 e PriTl
1 1
X = I-x — X -—

d § 175 e 10 100 f 2*x+1=9

g 4x3=36 h 3x3x=243
Summary of index laws
x™m X Xt = xmtn When multiplying terms, add the indices.
XM= xh = xm-n When dividing, subtract the indices.
(xm)r = xmn When finding the power of a power, multiply the indices.
x0=1 Any value to the power 0 is equal to 1.

o b
x™
> Fractional indices

|

XxXe=

(when x # 0)

The laws of indices also apply when the index is a fraction. Look at these examples
carefully to remind yourself what fractional indices mean in algebra:

xix xi

= x1*% Use the law of indices and add the powers.
= x!

=x

In order to understand what x? means, ask yourself: what number multiplied by itself
will give x?

VXXX =X

So, xt=vx

yx pi x y3

= yi+}+1  Use the law of indices and add the powers.
= yl

=l

[ e 1

63 )
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WORKED EXAMPLE 19

Simplify (f/-a-i)% X W—a?)i

Answer

(W)% X W;)% = (aﬂ% X (a§)% Apply the rule Va™ = a7

= a¥ X a3 Raise the powers. Simplify the fractions.

= at*} Apply laws of indices.

= Tt Form equivalent fractions and add them.

= a"{i |

In Exerci§e 2.9 you wo.rked out the value of x when it was the exponent in an equation.
An equation that requires you to find the exponent is called an exponential equation.

WORKED EXAMPLE 20

If 2x+3 = L find the value of x.

16
Answer
2x+3 = -115 Rewrite the fraction as a power of 2 with a negative index.
2x+3 = 24 Equate the indices.
x+3=-4 |

x= =7

Exercise 2.10

1 Simplify. | |
i Ko} »\ x6\?
a x¥xxs b xixXx} C (}—15) d (}—2)
: PEIF U 2x3 9ks
al §f Zpi+=b1 = h —
- a sb 2 : X3 12ks3 o
: s e oy | | Remember, simplify
i3V : '2"‘* 22k _-2-3% +=257¢ | Zx* - Ex_} means to write in its
— simplest form. So, if
e S OO 1, 4= 2x2 Y= % 3 XiX you were to simplify
m -‘4'x3 =~ =2x"¢« N -iXI = 2X o VXX &- | P xy} xj‘ v X'% you woild
write:
2 Find the value of x in each of these equations. aidd
a 2=64 b 196¢=14 ¢ x$=7 d (x-1)i=64 i xRk
3
e 3x=8l f 4=256 g 2= h 37=8l =x1 i
. 1 . g 9 . " 1
j 9"‘=§-i' j 3==8l k 64x=2 | 166=8 ! o |
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Are you able to ...7

SUMMARY CONTINUED

:
L use letters to represent numbers

write expressions to represent mathematical information

| substitute letters with numbers to find the value of an expression

e~
. Hk

add and subtract like terms to simplify expressions

B

multiply and divide to simplify expressions

B - e e . o i

expand expressions by removing brackets and getting rid of other grouping symbols

use and make sense of positive, negative and zero indices

apply the laws of indices to simplify expressions

[ ———

NS

solve exponential equations using fractional indices.

work with fractional indices \ ‘

—d - L o ke - e

Practice questions

1  For a number, n, write an expression for:

a the sum of the number and 12 [1]
b twice the number minus four [1)
¢ the number multiplied by x and then squared [1]
a

the square of the number cubed. (1]

2 If nis any positive integer,

a  Write an expression that is an even number for all possible values of . (1]
b  Explain why 2n + 1 is always an odd number. [1]

Every positive odd number p can be written in the form p = 2n + 1. |
¢ Write an expression, in terms of n, for the next largest odd number after p. [1]

¢  Use your answer to part (c) to show that any two consecutive odd numbers
always add up to an even number. [3]

3  Walls are made from bricks with algebraic expressions written on the sides..
Each expression is made by adding the two expressions underneath, like thus.

a  Here is another wall. Write an expression for the brick at the top. [2]

&7
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b Make a copy of the next wall and fill in the missing expressions. [3]

¢ Another wall is made with six bricks as before. The expressions in the bottom
bricks are 24, j, and 2k reading left to right, where A, j and & are integers.

Explain why the top brick always contains an even number. [4]
4  Simplify. .
a 9xy+3x+6xy—2x 2] b 6xy—xy+3y [2]
5  Simplify.
3K4
5 2] b 2 2] ¢ 3xx2y Q2]
d (4ax?) 2] e 4xlyxx3? [l 3™ XSS 2]
3x° . 6x7¢ -5)2 o (3x)
9 ST Bl b @Y 2 i () 3
4x12y"3 14p>g™  Spq”’
2Dk LM
12x-7y9 - 30pt¢t 2p7¢
6  Simplify 7x3)2 x (2x)? — (4x3y)? = 4xy? X 10x [3]
. @ 7 Find the value of (x + 5) — (x — 5) when:
a x=1 [1] b x=0 [1] €& x=35 [1]
- 1
m 8. §= -2-(u + v)t

Without using a calculator find s if u = -2-, y= 4%, t=3,

Write your answer as a simplified fraction. [3]

9  Expand each expression and simplify if possible.

a  S(x-2)+3(x+2) 3] b 5x(x+7y)-2x(2x-y) [3]
10 a  m(m—n) — n(n—m) 3]

b x(y—2)+y(z=x)+z(x-y) [3]
11 Simplify and write the answers with positive indices only.

a oxx1 @ b X 2 < @x-2? [

12 Find the value of each unknown when:

a 4v=64 [ b 3-5=22 2] € 4x6=84 [2]
—. 13 Ifa=3, b=2andc= -1, find the value of a® = ¢? + b° 2]

\\
68 )

L g anteae- e= T i
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> 14 Simplify.
a 3xixsxt ) b @Y 2] < (6ax3) 2]
15 Find the value of x when:

a (-li) =8 (2] b 3x=2L7 [2] c 125*=5 |2 d 125:::15. 2]

16 p=2*andgq=2
Find, in terms of p and g:
a 2x+y [2] b 2x+y- 2 [2] c 2k [2]

17 Find the value of n for which:
| 3
a nl=2" 2] b 4=(33) 2]

SELF ASSESSMENT

- Mark your answers to the practice questions. SR e *

‘Complete these statements in your book.

o Inowknow... |
o Ineed to know more about ... s o “ar
o These things went well ... . g g
- o Icoulddo betterif I...
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